We propose a theory for fermion masses and mixings in which an A4 family symmetry arises naturally from a six-dimensional spacetime after orbifold compactification. The flavour symmetry leads to the successful "golden" quark-lepton unification formula and the possibility of "geometrical" CP violation. The model reproduces oscillation parameters with good precision, giving sharp predictions for the CP violating phases of quarks and leptons, in particular δ +268 • . The effective neutrinoless double-beta decay mass parameter is also sharply predicted as m ββ 2.65
I. INTRODUCTION
The historical discovery of neutrino oscillations [1, 2] implies the need for neutrino masses on the one hand, and a way to understand the special pattern of lepton mixing angles on the other [3] . Altogether, this has spurred interest in understanding the theoretical origin of neutrino mass and the understanding of flavour parameters.
The Standard Model (SM) lacks neutrino masses as well as an organizing principle in terms of which to understand flavour. Therefore the SM should be supplemented by the inclusion of finite neutrino masses as well as by some explanation of the mixing pattern. In order to explain the observed pattern of lepton mixing, one must therefore go beyond the simplest seesaw picture, in order to tackle the flavour problem. The peculiar pattern of lepton mixing parameters is unlikely to be accidental. Family symmetries should be lurking out there, and somehow coupled with the seesaw mechanism. Unfortunately, unveiling the underlying family symmetry capable of reproducing the observed pattern of quark and lepton masses and mixings is a great challenge. The symmetry tool-kit provided by mathematics is too wide [4] .
A new direction to approach the flavour problem is the use of extra dimensions. For example, theories with extra warped dimensions open the way for a geometrical description of mass hierarchies. This constitutes a generalization of the idea of Randall and Sundrum whose aim was to address just the weak gauge hierarchy problem [5] . It has been shown that such a geometrical view of fermion mass hierarchies can be made consistent with the imposition of family symmetries to account for fermion mixing [6] .
In this paper we propose to "derive" the family symmetry itself from the presence of flat extra dimensions [7] . We use the framework of 6-dimensional theories compactified on a torus [8, 9] . This way we obtain a predictive model for fermion masses and mixings in which the family symmetry A 4 emerges naturally as a remnant symmetry after orbifold compactification. This provides an alternative and elegant realization of the A 4 family symmetry in terms of SM fields.
In contrast to the original A 4 proposal in [10] , the present realization also makes predictions for fermion mass hierarchies, not just angles and phases. In particular, it predicts the "golden" quark-lepton unification formula, which also emerges in other schemes [11] [12] [13] [14] . However, in those early models the family symmetry was imposed a priori.
Our new proposal will be tested in many ways, especially by the measurement of the leptonic CP phase in neutrino oscillations, and by an improved measurement of quark and lepton masses, posing a challenge for future neutrinoless double-beta decay experiments.
The paper is organised as follows. In Sec. II we present the theoretical setup, while in Sec. III we sketch the actual model construction, its field content and quantum numbers. In Sec. IV we give a numerical analysis of the resulting predictions and conclude in Sec. V.
II. THEORETICAL SETUP
In this paper we study a realistic model for quark and lepton masses and mixings, based on a discrete A 4 family symmetry that emerges naturally from an extra dimensional framework. In this section we outline how A 4 can be obtained as a remnant symmetry from the orbifold compactification of a 6 dimesional spacetime.
We assume the spacetime manifold as M = M 4 × (T 2 /Z 2 ), where the torus T 2 is defined by the relations
and the radii of the extra dimensions are taken to be of the same order of magnitude. This allows us to define the compactification scale R 1 ∼ R 2 ∼ 1/M C . In the following, we will focus on the particular choice for the twist angle θ = 2π/3, and we will show how this specific angle can lead to the emergence of a remnant discrete symmmetry. The Z 2 orbifolding of the torus comes from the identification (x 5 , x 6 ) = (−x 5 , −x 6 ).
In order to simplify the analysis it is convenient to rescale the original radii of the torus as 2πR 1 ⇒ 1 and 2πR 2 ⇒ 1 and to adopt the complex notation z = x 5 + ix 6 With the help of the root of unity ω = e iθ = e 2iπ/3 , the symmetries of the orbifold from Eqs. (1, 2) can be written as
There are 4 fixed points under these orbifold transformations, that define four invariant 4-dimensional branes
There is an additional symmetry of the set of branes, inherited from the Poincaré invariance of the extra dimensional part of the manifold. After orbifold compactification, the remaining transformations that permute the four branes leaving the whole brane set invariant are
which are just translations and rotations. Therefore, the fields localized on the branes must transform accordingly to this remnant symmetry [15] [16] [17] . We can write these transformations explicitly as
Among this set of transformations there are only two independent ones, since S 2 = R 2 · S 1 · R. These symmetry transformations relate to the A 4 generators through the identification S = S 1 , T = R, satisfying
which is the presentation for the A 4 group. From the above prescription, we can build models based on a remnant symmetry A 4 , or more generally S 4 , given the fact that the fields localized on the branes can transform as a 4 of the permutation group S 4 . In this work, we adopt the minimalist choice of a remnant A 4 flavour group, and a specific embedding such that the representation 4 of S 4 decomposes into irreducible representations of A 4 as 4 → 3 + 1 [8, 18] . Henceforth we can single out the brane fields as transforming into any of the two irreps 3 or 1 of A 4 .
In summary, in this framework, the flavour symmetry naturally emerges from the branes located at the fixed points of the spacetime manifold. We can generalize this statement by the following requirement: As the fields located at the branes experience a subgroup of the extra dimensional part of the Poincaré group, then all 6-dimensional fields should also transform under some irreducible representation of the A 4 remnant symmetry [19] .
III. SIMPLEST MODEL
Our model features a six-dimensional implementation of the standard SU(3) c ⊗ SU(2) L ⊗ U(1) Y gauge symmetry including 3 "right-handed" neutrinos and supplemented with the orbifold compactification described in the previous section. The transformation properties of the fields under the remnant A 4 symmtetry and their localization on the orbifold are shown in Table I . Notice that all fields, except the right-handed quarks, transform as flavour triplets. The scalar sector consists of 3 Higgs doublets, which are flavour triplets, and an extra singlet scalar σ driving spontaneous breaking of lepton number at the high energy regime. We have one Higgs doublet for the down-type quarks and charged leptons, and two Higgs doublets that give the up-type quark masses and Dirac masses to neutrinos. Notice that H d only couples to down type fermions (charged leptons and down quarks), while H u couples only to up quarks and H ν only couples to neutrinos. The effective Yukawa terms after compactification are
where the notation () 1,2 stands for the possible singlet contractions 3 × 3 × 3 → 1 1,2 and 3 × 3 → 1 1,1 ,1 in A 4 . We assume CP symmetry to hold at high energies, rendering all Yukawa couplings real 1 .
The scalar field σ gets a vacuum expectation value (VEV) that breaks spontaneously U (1) L and A 4 , giving high-scale masses to the "right-handed" neutrinos, and playing the dual role of a Majoron and a (renormalizable) flavon [20] . The corresponding VEV is aligned as
with ω = e 2πi/3 . It is worth noticing that this alignment preserves the transformation T T ST , and since (T T ST ) 2 = 1, we can impose it as a boundary condition without the need of an alignment potential [9] .
As mentioned above, by construction, the model preserves CP at high energies. However, the VEV alignment of σ breaks it spontaneously. The structure of the phases in that alignment is completely determined by the A 4 breaking boundary condition. Furthermore the appearance of CP breaking phases is fixed by the A 4 contractions. Thus, even though CP is spontaneously broken, the CP violating phases are fixed to specific values coming from the A 4 group properties. This phenomenon is known as "geometrical" CP violation [21] [22] [23] , and in what follows we assume that this is indeed the only source of CP violation.
Since the A 4 symmetry is broken at a high energy scale, the Higgs doublets can obtain the most general CP preserving alignment, which we parametrize as
with real parameters v u , v ν , v d , u,ν,d 1,2 . After spontaneous symmetry breaking (SSB) the mass matrices of quarks and leptons become
IV. FLAVOUR AND CP PREDICTIONS
A. Quark and lepton mass hierarchies
The first aspect of the flavour problem consists in explaining the fermion mass hierarchy. We start this section by pointing the first prediction of the model: the golden relation between charged lepton and down-type quark masses,
that emerges from the fact that both the charged leptons and down quarks obtain their masses from the same Higgs doublet H d . This relation was already noted in different contexts [11] [12] [13] [14] in which the flavour symmetry was imposed by hand. And also in Ref. [24] in which the golden formula was related to a Peccei-Quinn symmetry.
Here the golden formula arises since the mass matrices share the same structure fixed by the remnant A 4 symmetry. This relation is in good agreement with experiments and robust against renormalization group evolution. Although we are far from a complete and comprehensive theory of flavour, we think that Eq.(12) could well be part of the ultimate, yet-to-be-found theory.
B. Quark and lepton mixing patterns
Beyond the issue of fermion mass hierarchies, the flavour problem also includes the challenge of explaining the observed pattern of fermion mixing. In particular, explaining the disparity between quark and lepton mixing angles. For our numerical analysis of the model we adopt the symmetrical presentation of fermion mixing given in [25] .
For the case of the quarks this coincides with the Cabibbo-Kobayashi-Maskawa (CKM) matrix form used in the PDG [26] , while for the leptons the mixing matrix includes also the new phases associated to the Majorana nature of neutrinos [25] . In the symmetrical presentation the lepton mixing matrix is given as, 
with c f ij ≡ cos θ f ij and s f ij ≡ sin θ f ij . The advantage of using the symmetrical parameterization resides in the transparent role played by the CP phases.
First of all we have a "rephasing invariant" form for the standard "Dirac" CP violating phase
that enters in the description of neutrino oscillations. In addition, we have a conceptually transparent description of the Majorana phases in which these, and only these, enter in the effective mass parameter characterizing the amplitude for neutrinoless double beta decay [27] , m ββ = 
The present model is characterized by 15 parameters (y ν 1,2 v ν , y e,d 1,2 v d , y u 1,2,3 v u , u,ν,d 1,2 ) that must reproduce the 22 flavour observables at low energies. The latter include the 12 mass parameters i.e. m u,c,t,d,s,b,e,µ,τ , m ν 1,2,3 plus the 4 CKM mixing angles and phase θ q 12,13,23 , δ q , the 3 neutrino mixing angles θ l 12,13,23 and 3 CP phases φ 12,13,23 2 .
There are thus 7 predictions in the model at low energies, among which we can readily identify the emergence of the golden relation in Eq. (12) . In addition, one has the four CP violating phases δ q , and φ 12,13,23 , that arise from a single fixed phase from geometrical CP violation.
C. Global Flavour Fit
In order to better identify the physics predictions, we perform a fit to determine the model parameters from the available experimental flavour data. The fit to the data is performed as follows: we define the chi-square function
where the sum runs through the 19 measured physical parameters.
Parameter Value We make use of the Mathematica Mixing Parameter Tools package [28] to obtain the flavour observables from the mass matrices in Eq. (11) , and then minimize the χ 2 function for the 15 free parameters. For consistency with the golden relation, all quark and charged lepton masses run to the same energy scale, which we choose to be M Z [29] . Since the effect on CKM and neutrino parameters induced by the running to M Z is negligible [29, 30] , neutrino oscillation parameters are taken from the global fit [3] , while the rest of the observables from the PDG [26] . The results of our flavour fit are summarized in Table II . The minimum happens to be at χ 2 ≈ 12, making the model remarkably realistic, both in terms of mass as well as mixing predictions. In what follows we go through the main physics predictions in more detail.
D. Golden quark-lepton mass relation
The purple shaded bands in Figure 1 show the model predictions for the down and strange-quark masses. We indicate the 1, 2 and 3σ regions extracted from the exact golden relation m τ / √ m µ m e = m b / √ m s m d at the same scale. These should be compared with the corresponding 1, 2 and 3σ allowed quark mass values at M Z (green shades). For this analysis, we have explored the full range of values of the model parameters consistent at 3σ with all the 19 measured physical parameters. One sees that it largely coincides with the overlap of the green and blue regions. For completeness, the best fit point is indicated with a red cross. 
The green shades indicate the 1, 2 and 3σ ranges of measured quark masses, from [29] . The purple region is the one consistent at 3σ with the global flavour fit in Table  II . The red cross indicates the location of the best fit point.
Notice that the golden quark-lepton mass relation does not require the implementation of any unification symmetry to relate quarks and leptons at a fundamental level. It emerges exclusively from the properties of the remnant A 4 symmetry. However, from the fit in Table II , one can see that the relations
hold with good precision, suggesting a viable embedding of the present model into a genuine Grand Unification scenario, which would correlate the Yukawa couplings y d 1,2 ∼ y e 2,1 . In particular, the above relations can be exactly realized in a SU(5) model with an adjoint VEV [31, 32] . In this way the golden relation can be supplemented with further unification restrictions on the possible values of the Yukawa couplings, and the charged lepton masses can become completely determined from the down-type quark ones.
E. Neutrinoless Double Beta Decay
Concerning the neutrino mass spectrum, the analysis in Table II shows that the best fit point displays Normal Ordering (NO) for the neutrino masses, and a rather small neutrino absolute scale m 1 = 4.12 meV. On closer inspection, by allowing the model parameters to take values compatible at 3σ with all the measured observables, one can show that NO always emerges and the resulting lightest neutrino mass lies in the range m 1 = (3.28−5.41) meV. The mass spectrum is normal ordered. The blue region is the generic one consistent with oscillations at 2σ. The tiny predicted purple region is the one allowed at 3σ in the global fit of all the measured observables in Table II , with the red cross indicating the best fit point. The current KamLAND-Zen limit is shown in green, and the projected sensitivities are indicated in dashed horizontal lines, see text.
Since all neutrino mass parameters as well as Majorana phases are fixed, the model makes concrete predictions for the neutrinoless double beta decay rates. The resulting effective neutrino mass for the best fit point is given by
A more detailed analysis is depicted in Figure 2 , where we plot the predicted values for m ββ obtained by randomly varying the model parameters within a range that covers all measured observables inside the 3σ experimentally allowed range. One sees that m ββ is determined within rather small errors, and presents a challenge for the next generation of 0νββ searches. For comparison, the top green horizontal band in Figure 2 represents the current experimental limits from Kamland-Zen (61 − 165 meV) [33] , while the dashed horizontal lines correspond to the projected most optimistic sensitivities from LEGEND (10.7 − 22.8 meV) [34] , SNO + Phase II (19 − 46 meV) [35] , and nEXO (5.7 − 17.7 meV) [36] .
F. Leptonic Dirac CP phase
To conclude this section, we show in Figure 3 the model prediction for the Dirac phase in the lepton sector δ . This is the phase affecting neutrino oscillations, and is displayed against the atmospheric angle θ 23 . These parameters are the target of the next generation of long baseline oscillation experiments. In this plot, the thin purple region corresponds to the model solutions compatible at 3σ with all the measured flavour observables, while the blue shades represent the 90, 95 and 99% C.L. regions from the generic oscillation Global fit in [3] .
Here one can see the sharp prediction of the leptonic Dirac phase around δ ≈ 3π/2, which arises from the common origin of all CP violating phases from a single geometrical CP violating phase ω at high energies, and the fact that there are no more available phases in the model. The later would allow greater deviations from the central values shown in Table II . By contrast, one sees this model does not improve the determination of the atmospheric-angle problem, since it can take values over almost all its allowed range of θ 23 . Notice, however, that the atmospheric-angle best fit value preferred by the model lies in the higher octant. In short, all the results of our flavour fit lie within the 2σ region of their measured values. The main deviation happens in δ q and can be easily corrected by relaxing the requirement of purely "geometrical" CP breaking. Indeed, a generic spontaneous CP violation scenario could easily be arranged by allowing the Higgs fields to develop arbitrary complex VEVs. After discarding unphysical phases, this procedure would only introduce two physical phases into the fermion masses, leading to a better χ 2 fit. Nevertheless, we have opted to keep the model as minimal and predictive as possible, so as to have all phases δ q and δ predicted with good precision from a single fixed geometric phase in the model, namely ω = e 2iπ/3 . This leads to specially sharp predictions for the lightest neutrino mass and the amplitude for neutrinoless double beta decay, Fig. 2 .
V. SUMMARY AND CONCLUSIONS
In this work we have proposed an A 4 theory for fermion masses and mixings in which the family symmetry emerges naturally from a six-dimensional spacetime after orbifold compactification. The A 4 remnant flavour symmetry leads to the successful "golden" quark-lepton unification formula in Eq. (12) and Fig. 1 . The simplest scenario has "geometrical" CP violation, in which all quark and lepton CP phases are fixed, i.e. the four CP violating phases δ q , and φ 12,13,23 all emerge from a single fixed phase from geometrical CP violation. Under these assumptions we have performed a global flavour fit that yields all parameters within their measured 2σ ranges. The leptonic CP phase of neutrino oscillations is sharply predicted as given in Fig. 3 . The resulting lightest neutrino mass lies in the range m 1 = (3.28 − 5.41) meV. The theory gives a sharp prediction for the neutrinoless double beta decay, characterized by an effective mass parameter m ββ ≈ 2.65 meV, Fig. 2 . Some "tension" occurs for the quark CP phase δ q and can be easily fixed by relaxing the requirement of purely "geometrical" CP violation, by allowing the Higgs fields to develop arbitrary complex VEVs. This procedure would introduce two physical CP phases, leading to a better global fit of the flavour parameters. Finally, we note that the neutrino mass spectrum is normal-ordered, with the best fit value of θ 23 at the higher octant, as currently preferred by neutrino oscillation data.
